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SPECTRAL ISOPERIMETRIC INEQUALITIES FOR ROBIN LAPLACIANS ON
2-MANIFOLDS AND UNBOUNDED CONES
MAGDA KHALILE AND VLADIMIR LOTOREICHIK
ABSTRACT. We consider the problem of geometric optimization of the lowest
eigenvalue for the Laplacian on a compact, simply-connected two-dimensional
manifold with boundary subject to an attractive Robin boundary condition. We
prove that in the sub-class of manifolds with the Gauss curvature bounded from
above by a constant K◦ ≥ 0 and under the constraint of fixed perimeter, the ge-
odesic disk of constant curvatureK◦ maximizes the lowest Robin eigenvalue. In
the same geometric setting, it is proved that the spectral isoperimetric inequal-
ity holds for the lowest eigenvalue of the Dirichlet-to-Neumann operator. Fi-
nally, we adapt our methods to Robin Laplacians acting on unbounded three-
dimensional cones to show that, under a constraint of fixed perimeter of the
cross-section, the lowest Robin eigenvalue is maximized by the circular cone.
1. Introduction
The long history of spectral isoperimetric inequalitieswas initiated by Lord Rayleigh
in his book, The theory of sound [R77]. He conjectured that amongmembranes of same
area, that are fixed along their boundaries, the circular one has the lowest fundamen-
tal frequency. This conjecture was proved in any dimension by Faber [F23] andKrahn
[K24] and is now known as the so-called Faber-Krahn inequality. Later on, the isoperi-
metric inequality was extended to the case of Neumann boundary condition, and is
sometimes referred to as the reversed Faber-Krahn inequality as in that case the ball is
the maximizer of the first non-zero Neumann eigenvalue [S54, W56].
Spectral optimisation for the Robin Laplacian is however quite a new topic of
growing interest; see the reviews [BFK17, L19] for a list of existing results and nu-
merous challenging open problems, and the references therein. This could be ex-
plained as the majority of the classical methods developed for Dirichlet and Neu-
mann boundary conditions either fail or should be modified in the Robin case due
to the necessity to control the boundary term in the Rayleigh quotient. Moreover,
the results and methods heavily depend on the sign of the parameter in the Robin
boundary condition. To be more precise, for M ⊂ Rd being a bounded domain with
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a sufficiently smooth boundary, and β ∈ R, let us consider the spectral problem
(1.1)
−∆u = λu, onM,
∂νu+ βu = 0, on ∂M,
where ∂νu stands for the outward normal derivative of the function u. It is proved,
for positive boundary parameters β > 0, that the ball is the unique minimizer of
the lowest Robin eigenvalue of (1.1) under a fixed volume constraint [Bos86, BG10,
Dan06]. For negative parameters β < 0, it was first conjectured in [Bar77] that among
the class of smooth bounded domains of same volume the ball should maximize the
lowest eigenvalue of (1.1). However, the conjecture was disproved in [FK15] in all
space dimensions d ≥ 2 by showing that the spherical shell yields a smaller low-
est Robin eigenvalue than the ball of the same volume provided that the negative
Robin parameter is sufficiently large by absolute value. This result was unexpected,
because the ball is not an optimizer of the lowest eigenvalue of the Laplacian, and
the topic attracted since then considerable attention [AFK17, BFNT18, FL18, FNT15,
FNT16, PP15, V19]. It also gave rise to a new conjecture in [AFK17] stating that in two
dimensions, the inequality should hold under area constraint in the class of simply-
connected domains. On the contrary, under a fixed perimeter constraint, some posi-
tive results were obtained. In particular, it is proved in [AFK17] that the disk maxi-
mizes the lowest Robin eigenvalue of (1.1), for any β < 0, among all planar domains
with fixed perimeter. The result has then been extended to any space dimensions
d ≥ 2 in [BFNT18], among the narrower class of convex domains. The isoperimet-
ric optimization problem was also studied for domains in the form D\M, where D
is either a bounded convex domain in Rd [BFNT18], or the whole Euclidean space
(D = Rd) [KL17a, KL17b]. Finally, it is worth noticing that, while the majority of the
above results were obtained in the setting of domains with smooth boundaries, only
a few results are known for Lipschitz boundaries [BFNT18, FK18, KW18, L19].
In the present paper, we are concerned with the optimization of the lowest Robin
eigenvalue of (1.1), denoted by λβ(M), when β < 0, under a perimeter constraint.
We first go beyond the Euclidean setting and generalize the main result of [AFK17]
to two-dimensional Riemannian manifolds (2-manifolds) with boundary. This new
result can be viewed as the spectral analogue of the classical isoperimetric inequality
on 2-manifolds. To be more specific, consider M a C∞-smooth, compact, simply-
connected 2-manifold with C2-smooth boundary and assume that its Gauss cur-
vature is bounded from above by a constant K◦ ≥ 0. Denote by B◦ the geodesic
disk of constant curvature K◦ having the same perimeter as M. Then, the classical
isoperimetric inequality states that, under the additional assumption |M|, |B◦| ≤ 2pi
K◦
ifK◦ > 0, there holds
|M| ≤ |B◦|,
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where |M| and |B◦| denote, respectively, the areas of M and B◦. Under the same
assumptions we are able to prove that
λβ(M) ≤ λβ(B◦), for all β < 0,(1.2)
see Theorem 2.1. The analysis of this optimization problem relies on abstract func-
tional inequalities on 2-manifolds, whose proofs employ the method of parallel co-
ordinates [PW61, S01] and some geometric corollaries of the isoperimetric inequal-
ity [OS79]. Related bounds on λβ(M) in the spirit of the Hersh inequality are recently
obtained in [S19]. For positive Robin parameters, β > 0, a spectral isoperimetric
inequality for λβ(M) in any dimension has been proved very recently in [CGH19]
under certain constraints on the curvatures of both the manifoldM and its boundary
∂M. Due to the close connection between the Robin Laplacian and the Dirichlet-
to-Neumann map, we are able to obtain as a consequence an analogue of (1.2) for
the lowest eigenvalue of the Dirichlet-to-Neumann map, which is stated in Proposi-
tion 3.12.
Second, we return back to the Euclidean setting and treat spectral optimization
for the Robin Laplacian on a special class of unbounded three-dimensional domains.
Namely, we consider an unbounded cone Λm ⊂ R3 with C2-smooth cross-section
m ⊂ S2, where S2 denotes the unit sphere in R3. It has been proved, see e.g. [BP16],
that the Robin Laplacian is well defined on this class of unbounded domains. The
main motivation to study Robin Laplacians on cones comes from the fact that these
operators play an important role in the spectral asymptotic behaviour of Robin Lapla-
cians acting on non-smooth Euclidean domainswith conical singularities [BP16, LP08].
In this paper, we are interested in the optimization of the lowest eigenvalue of (1.1),
whenM is replaced by Λm, under a fixed perimeter constraint on the cross-sectionm.
We are able to prove that the circular cone yields the maximum of the lowest Robin
eigenvalue on unbounded cones with simply-connected C2-smooth cross-sections of
fixed perimeter, see Theorem 2.2 for a precise statement. The technique employed in
the proof strongly relies on the dilation invariance of the cones, which allows us to
reduce the study to the level of cross-sections, and again apply the method of parallel
coordinates.
2. Main results
2.1. Two-dimensional manifolds. Our first main objective is to generalize the spec-
tral isoperimetric inequality [AFK17, Thm. 2] for the lowest Robin eigenvalue to
a class of two-dimensional Riemannian manifolds with boundary. Let (M, g) be
a (C∞-)smooth compact two-dimensional, simply-connected Riemannian manifold
with C2-smooth boundary ∂M, equipped with a smooth Riemannian metric g. Such
a manifoldM is diffeomorphic to the Euclidean disk and, in particular, its Euler char-
acteristic is equal to 1. We denote by dV the area-element onMwhile the arc-element
of ∂M is denoted by σ. With a slight abuse of notation, the area ofM and its perimeter
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will be respectively denoted by
|M| :=
∫
M
dV and |∂M| :=
∫
∂M
dσ.
Let K : M → R be the Gauss curvature on M and let the constant K◦ ≥ 0 be such
that
(2.1) sup
x∈M
K(x) ≤ K◦.
In the followingwe denote byN◦ the two-dimensional Riemannianmanifoldwithout
boundary of constant non-negative curvature K◦. Note that, depending on K◦, the
manifold N◦ can be identified with: the sphere of radius 1/
√
K◦, if K◦ > 0 and the
Euclidean plane, ifK◦ = 0.
As usual,∇ and−∆ stand, respectively, for the gradient and the positive Laplace-
Beltrami operator on M, which are defined through the metric g in local coordinate
charts. The L2-space (L2(M), (·, ·)L2(M)) and the L2-based first-order Sobolev space
H1(M) = {u ∈ L2(M) : |∇u| ∈ L2(M)} are defined in the standard way. For the
coupling constant β < 0, we consider the sesquilinear form
hβ,M[u] :=
∫
M
|∇u|2dV + β
∫
∂M
|u|2dσ, dom hβ,M := H1(M).
It is semibounded and closed and hence defines a unique self-adjoint operator in
L2(M), the Robin Laplacian onM, denoted by Hβ,M and acting as
Hβ,Mu := −∆u,
domHβ,M :=
{
u ∈ H1(M) : ∆u ∈ L2(M), ∂νu|∂M + βu|∂M = 0
}
,
where ν denotes the outer unit normal to the boundary. It is worth to remark that
the Neumann trace ∂νu|∂M should be understood in a weak sense; cf. [AM12, Sec.
2]. Thanks to compactness of the embedding H1(M) →֒ L2(M), the operator Hβ,M
has a compact resolvent and we denote by λβ(M) its lowest eigenvalue. Applying
the min-max principle to Hβ,M, see e.g. [RS-IV, Sec. XIII.1], its lowest eigenvalue can
be characterized by
λβ(M) = inf
u∈H1(M)\{0}
hβ,M[u]
‖u‖2L2(M)
.(2.2)
The variational characterisation (2.2) implies that λβ(M) < 0 for all β < 0.
Our main result in this setting is as follows.
Theorem 2.1. Let the manifolds M and N◦ be as above, and let B◦ ⊂ N◦ be a geodesic disk.
Assume that |∂M| = |∂B◦|. If K◦ > 0, assume additionally that |M|, |B◦| ≤ 2piK◦ . Then
there holds
λβ(M) ≤ λβ(B◦), for all β < 0.
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The proof of this result is given in Subsection 3.3. The min-max principle allows
us to reduce the problem to a comparison between the Rayleigh quotient of Hβ,M
evaluated on a proper test-function and the Rayleigh quotient of Hβ,B◦ evaluated on
its ground-state. The key-step is the construction of the proper test-function which
is made by a transplantation from B◦ to M of the ground-state of Hβ,B◦ . The com-
parison of the Rayleigh quotients relies on functional isoperimetric inequalities on
2-manifolds proved in Proposition 3.9 using the method of parallel coordinates and
the geometric isoperimetric inequality recalled in Subsection 3.1. The idea of this
construction is reminiscent of that in [AFK17, BFNT18, FK15, PW61].
As mentioned above, this result was already known in the Euclidean case, i.e.
K ≡ K◦ = 0, and proved in the more general setting of C2-smooth domains without
the assumption of simply-connectedness, see [AFK17, Thm. 2]. Within our method,
the latter assumption cannot be dropped out as we need, for technical reasons, to
consider manifolds with Euler characteristic being equal to one. However, the neces-
sity of assuming simply-connectedness in the non-Euclidean setting remains an open
question. On the contrary, the additional assumption |M|, |B◦| ≤ 2pi
K◦
when K◦ > 0
is necessary. We construct in Subsection 3.4 a counterexample if this assumption is
dropped. In order to characterize the case of equality in Theorem 2.1, a different
technique is needed. We leave open the question of whether λβ(M) = λβ(B◦) im-
plies M = B◦.
2.2. Unbounded three-dimensional conical domains. Our second main objective is
to prove a spectral isoperimetric inequality for the lowest discrete Robin eigenvalue
on unbounded three-dimensional cones.
Let m ⊂ S2 be a simply-connected, C2-smooth domain with |m| < 2π, where S2
denotes the unit sphere in R3. We equip S2 with the canonical Riemannian metric
induced by the embedding S2 →֒ R3. The associated unbounded three-dimensional
coneΛm ⊂ R3 and its boundary ∂Λm are defined in the spherical coordinates (r, ϕ, θ) ∈
R+ × [0, 2π) × [−pi2 , pi2 ] as the Cartesian products
(2.3) Λm := R+ × m and ∂Λm := R+ × ∂m.
For the boundary parameter β < 0, we consider the Robin Laplacian Hβ,Λm act-
ing in the Hilbert space L2(Λm), and defined as the unique self-adjoint operator in
L2(Λm) associated with the closed and semibounded sesquilinear form
(2.4) hβ,Λm [u] :=
∫
Λm
|∇u|2dx+ β
∫
∂Λm
|u|2dσ, dom hβ,Λm := H1(Λm),
where dσ is the surface measure on ∂Λm, see e.g. [BP16, Lem. 5.2]. Notice that, as the
domain Λm is unbounded, the essential spectrum of Hβ,Λm is no longer empty, and
we need, in particular, to add some assumptions on the cross-section m to ensure the
existence of the discrete spectrum. In the following, assume that
|∂m| < 2π and |m| < 2π.(2.5)
6 MAGDA KHALILE AND VLADIMIR LOTOREICHIK
For simple geometric reasons, the second assumption in (2.5) on m excludes the pos-
sibility for R3 \ Λm to be convex. Hence, we conclude from [P16, Thm. 1 and Cor. 8]
that
Specess(Hβ,Λm) = [−β2,∞) and #Specdisc(Hβ,Λm) =∞.
Applying the min-max principle [RS-IV, Sec. XIII.1] to the operator Hβ,Λm , the lowest
eigenvalue λβ(Λm) can be characterized by
λβ(Λm) = inf
u∈H1(Λm)\{0}
hβ,Λm [u]
‖u‖2
L2(Λm)
.(2.6)
The following result states that the circular cone is a maximizer for the lowest
Robin eigenvalue among all cones with fixed perimeter of the cross-section.
Theorem 2.2. Let m ⊂ S2 be a C2-smooth, simply-connected domain and b ⊂ S2 be a
geodesic disk such that |∂m| = |∂b| < 2π and |m|, |b| < 2π. Then, one has
λβ(Λm) ≤ λβ(Λb), for all β < 0.
As the lowest eigenvalue of Robin Laplacians acting on circular cones can be ex-
plicitly computed, see Lemma 4.2, we have the following reformulation of Theo-
rem 2.2.
Corollary 2.3. For any L ∈ (0, 2π) and all β < 0,
max
|∂m|=L
λβ(Λm) = −
(
2πβ
L
)2
,
where the maximum is taken over all C2-smooth, simply-connected domains m ⊂ S2 satisfy-
ing, in addition, |m| < 2π.
The proof of Theorem 2.2 is given in Subsection 4.2. The idea consists in reducing
the problem to the same functional isoperimetric inequalities as in Proposition 3.9,
but now on the level of cross-sections. This reduction rests upon the invariance of
the cones under dilations. Contrary to the case of 2-manifolds, the strict inequalities
|∂m| = |∂b| < 2π and |m|, |b| < 2π are needed in the assumptions of Theorem 2.2.
Indeed, assuming that |∂b| = 2π and |b| = 2π, the problem becomes trivial as the
associated cone Λb is the half-space and one can see by separation of variables that
the spectrum of Hβ,Λb is then purely essential.
This result is reminiscent of the one obtained in [EL17, Thm. 1.3] in the setting
of δ-interactions supported on conical surfaces. However, the technique employed
here is significantly different from the one used in [EL17]. In the latter paper, the
spectral problem was first reformulated as a boundary integral equation by means
of the Birman-Schwinger-type principle. Exactly the same technique seems not to be
applicable any more for the Robin Laplacian, as the required Green’s function is not
explicitly known, to the best of our knowledge.
SPECTRAL ISOPERIMETRIC INEQUALITIES FOR ROBIN LAPLACIANS 7
3. A spectral isoperimetric inequality on 2-manifolds
3.1. Geometric isoperimetric inequalities on 2-manifolds. We stick to the notation
introduced in Subsection 2.1 and first recall some well-known results. For p, q ∈ M,
we denote by d(p, q) the Riemannian distance between p and q, namely the infimum
of the lengths of all piecewise smooth curves between p and q. We denote by Bρ(p)
the metric disk of radius ρ > 0 and center p ∈M,
Bρ(p) := {x ∈M : d(p, x) < ρ}.
Occasionally, we drop the center and simply write Bρ. A curve γ ∈ M will be called
a geodesic if it is a minimizing curve between two endpoints with respect to the Rie-
mannian distance. For p ∈ M we denote by expp the so-called exponential map
defined on a neighborhood of the origin of the tangent space of M at p denoted by
TpM. For a sufficiently small neighborhood of the origin, the exponential map is
a diffeomorphism onto its image. The injectivity radius of a point p ∈ M is then
defined by
inj(p) := sup
{
ε > 0: expp|B(0,ε) is a diffeomorphism onto its image
}
,
where B(0, ε) ⊂ TpM is the metric disk centered at 0 and having radius ε > 0. We
call geodesic disk the image expp(B(0, ρ)) ⊂M for any ρ < inj(p). It is well known, see
e.g. [Lee97, Cor. 6.11], that geodesic disks are in fact metric disks, i.e. the geodesic
disk expp(B(0, ρ)) is a metric disk in M of center p and radius ρ. Recall that in a
geodesic disk Bρ(p) ⊂M there is a unique geodesic between p and any x ∈ Bρ(p).
Let us now discuss the classical isoperimetric inequality on two-dimensional man-
ifolds and its corollaries, see e.g. the review paper [OS79] for more details. The proof
of the isoperimetric inequality for 2-manifolds relies, in particular, on the comparison
of the area of geodesic disks, respectively, inM andN◦, the 2-manifold with constant
curvature K◦ ≥ 0. This result will be of interest for us in the next subsection and is
stated in the following lemma.
Lemma 3.1. [OS79, Cor., p. 10] Let M be a smooth, compact, simply-connected 2-manifold
with C2-smooth boundary, having the Gauss curvatureK bounded from above by a constant
K◦ ≥ 0, and let N◦ be a 2-manifold of constant curvatureK◦. If Bρ ⊂M denotes a geodesic
disk of radius ρ > 0 and B◦ρ ⊂ N◦ the geodesic disk of the same radius, then
|Bρ| ≥ |B◦ρ|.
The isoperimetric inequality on 2-manifolds is as follows.
Theorem 3.2. [OS79, Sec. B] Let M be a smooth, compact, simply-connected 2-manifold
with C2-smooth boundary, having the Gauss curvatureK bounded from above by a constant
K◦ ≥ 0. Then, the following inequality holds
|∂M|2 ≥ 4π|M| −K◦|M|2,
in which the equality is attained if and only ifK ≡ K◦ and M is a geodesic disk.
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The study of the monotony of the quadratic polynomial f(x) = 4πx−K◦x2 gives
the following useful corollaries.
Corollary 3.3. Let M be as in Theorem 3.2 and B◦ be a geodesic disk of constant curvature
K◦ ≥ 0. Assume that |M| = |B◦|. Then the inequality |∂M| ≥ |∂B◦| holds, where the
equality is attained if and only ifK ≡ K◦ andM is a geodesic disk.
Corollary 3.4. Let M be as in Theorem 3.2 and B◦ be a geodesic disk of constant curvature
K◦ ≥ 0. Assume that |∂M| = |∂B◦|. If K◦ > 0, assume in addition that |M|, |B◦| ≤ 2piK◦ .
Then the inequality |M| ≤ |B◦| holds, where the equality is attained if and only if K ≡ K◦
and M is a geodesic disk.
A geodesic circle on the sphere encloses two geodesic disks. When K◦ > 0, the
corollary above states that the isoperimetric inequality holds for the “smaller” one
contained in the hemisphere as 2pi
K◦
is precisely the area of the hemisphere of radius
1/
√
K◦.
3.2. Geometric and analytic properties of parallel coordinates. In what follows,
(M, g) denotes a smooth compact, simply-connected Riemannian 2-manifold with
C2-smooth boundary. The parameter K◦ is defined via (2.1). Recall also that B◦ is a
geodesic disk in the manifold N◦ of constant Gauss curvature K◦ ≥ 0. For the sake
of brevity, we set A◦ := |B◦|. We also assume that the two conditions below hold:
(a) L := |∂M| = |∂B◦|.
(b) max{|M|, A◦} ≤ 2piK◦ , ifK◦ > 0.
According to Corollary 3.4 we immediately have
|M| ≤ A◦.(3.1)
For a point x ∈Mwe introduce ρ∂M(x), the Riemannian distance between x and the
boundary ∂M, i.e.
ρ∂M(x) := min
y∈∂M
d(x, y).
The function ρ∂M is Lipschitz continuous andwe have |∇ρ∂M| = 1 a.e. inM; cf. [S01,
Sec. 2]. The subset Cut(M) ⊂ M, where the function ρ∂M is not differentiable, has
zero measure and is called the cut-locus. Furthermore, we introduce the in-radius of
M by
(3.2) RM := max
x∈M
ρ∂M(x).
The in-radius of M is the radius of the largest metric disk that can be inscribed into
M. In what follows, the respective disk in M will be denoted by BRM . We point out
that such a disk can be non-unique. Due to the assumptions made on M and B◦ we
can compare their in-radii.
Lemma 3.5. Under the assumptions (a) and (b) there holds
RM ≤ RB◦ .
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Proof. We will proceed by reductio ad absurdum and suppose that RM > RB◦ .
Let us first consider the case K◦ = 0. The manifold M has thus a non-positive
Gauss curvature and the Cartan-Hadamard theorem yields that any two points are
connected by a unique geodesic, i.e. in that case all the metric disks are geodesic. In
particular BRM ⊂ M is a geodesic disk. Due to Lemma 3.1 we obtain the inequality
|BRM | ≥ A◦, which contradicts (3.1).
If K◦ > 0, we need to control locally the injectivity radius of M to be able to
conclude that BRM is a geodesic disk. By [BZ88, Thm. 2.5.4], two situations are
allowed:
(1) eitherRM < pi√K◦ and for x ∈M such that ρ∂M(x) = RM there holds inj(x) =
RM;
(2) or RM ≥ pi√K◦ and then there exists a point x ∈ M for which we simultane-
ously have ρ∂M(x) ≥ pi√K◦ and inj(x) ≥ pi√K◦ .
Assume that we are in the situation (2). Then, the 2-manifold M contains a geodesic
disk of radius pi√
K◦
which implies by Lemma 3.1 that
|M| ≥ |B pi√
K◦
| ≥ |B◦ pi√
K◦
| = 4π
K◦
,
where B pi√
K◦
⊂M andB◦ pi√
K◦
⊂ N◦ are geodesic disks of radius pi√K◦ . This contradicts
the assumption (b). Hence, only the situation (1) is possible, i.e. the largest disk
inscribed intoM is a geodesic disk andwe get again a contradiction to inequality (3.1)
using Lemma 3.1. 
Let us consider the following auxiliary functions:
(3.3)
LM : [0, RM]→ R+, LM(t) :=
∣∣{x ∈M : ρ∂M(x) = t}∣∣,
AM : [0, RM]→ [0, |M|], AM(t) :=
∣∣{x ∈M : ρ∂M(x) < t}∣∣.
Clearly, LM(0) = L and AM(RM) = |M|. The value AM(t) is simply the area of
the sub-domain of M, which consists of the points located at the distance less than t
from its boundary ∂M. We can define similarly the same functions associated to the
geodesic disk B◦ on the manifold N◦ of constant curvature K◦ ≥ 0 and we have the
explicit formulae:
K◦ = 0 K◦ > 0
LB◦(t) = 2π(RB◦ − t) 2π sin(
√
K◦(RB◦−t))√
K◦
AB◦(t) = A◦ − π(RB◦ − t)2 A◦ − 2π 1−cos(
√
K◦(RB◦−t))
K◦
It will also be convenient to introduce the subsetM(t) ⊂M defined by
(3.4) M(t) := {x ∈M : ρ∂M(x) > t},
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and we trivially have |M| = |M(t)|+AM(t). The analytic properties of the functions
in (3.3) have been studied in [Band80, Fial41, Hart64, S01] and we summarize some
of them in the proposition below.
Proposition 3.6. [S01, App. 1, Prop. A.1], [Band80, Chap. I, Sec. 3.6] Let the functions
AM and LM be as in (3.3). Then the following hold:
(i) AM is Lipschitz continuous and increasing; LM is differentiable almost everywhere.
(ii) A′
M
(t) = LM(t) > 0 for almost every t ∈ [0, RM].
(iii) L′
M
(t) ≤
∫
M(t)
K(x)dV (x)− 2π for almost every t ∈ [0, RM].
Note that |M(t)| ≤ |B◦(t)| by (3.1) for t = 0 and this inequality turns out to persist
for t > 0. Namely, we have the following statement.
Lemma 3.7. Let the setsM(t) andB◦(t) be defined as in (3.4). Then the following inequality
|M(t)| ≤ |B◦(t)| holds for almost every t ∈ [0, RM].
Proof. Define the function r : [0, RM]→ R+ so that
|B◦r(t)| = |M(t)|,(3.5)
where B◦r(t) is the geodesic disk of radius r(t) ≥ 0 on the manifold N◦ of constant
Gauss curvatureK◦. Due to Proposition 3.6 (i), the function r is Lipschitz continuous
and by the co-area formula we have
d
dt
|B◦r(t)| = r′(t)|∂B◦r(t)|,
for almost every t ∈ [0, RM]. Thus, differentiating (3.5) with the help of Proposi-
tion 3.6 (ii) one has
|∂M(t)| = − d
dt
|M(t)| = −r′(t)|∂B◦r(t)|, a.e. in [0, RM].
Corollary 3.3 gives
r′(t) = −|∂M(t)||∂B◦r(t)|
≤ −1,
and integrating the above inequality one obtains
r(t) ≤ r(0)− t.(3.6)
By definition (3.5) of the radius r and (3.1) we have |B◦r(0)| = |M(0)| = |M| ≤ A◦,
which implies, in particular, that r(0) ≤ RB◦ . Replacing this inequality in (3.6) we
finally get that r(t) ≤ RB◦ − t, where RB◦ − t is simply the radius of B◦(t), and this
concludes the proof. 
The following lemma will be the main ingredient in the proof of the isoperimetric
functional inequalities of Proposition 3.9.
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Lemma 3.8. For almost every t ∈ [0, RM] there holds
A′
M
(t) ≤ A′
B◦(t).
Proof. The function LM defined in (3.3) may not be continuous. Nevertheless, it is
proved in [Hart64, Cor. 6.1] that for any t ∈ [0, RM] there holds
LM(t)− LM(0) ≤
∫ t
0
L′M(s)ds.
Using Proposition 3.6 (iii) this gives
LM(t) ≤ L+
∫ t
0
∫
M(s)
K(x)dV (x)ds− 2πt.
Applying Lemma 3.7 with the inequalityK ≤ K◦ ∈ [0,∞) one has
LM(t) ≤ L+K◦
∫ t
0
|B◦(s)|ds− 2πt.(3.7)
It is straightforward to notice that when K◦ = 0 the right hand side of the above
inequality is equal to LB◦(t). IfK◦ > 0, using the explicit formula
|B◦(s)| = 2π1− cos(
√
K◦(RB◦ − s))
K◦
,
we can compute the right-hand side of (3.7) and get
LM(t) ≤ L+K◦
∫ t
0
|B◦(s)|ds − 2πt
= L+ 2π
(
t+
sin(
√
K◦(RB◦ − t))− sin(
√
K◦RB◦)√
K0
)
− 2πt = LB◦(t).
Hence, for anyK◦ ≥ 0 the inequality (3.7) becomes
LM(t) ≤ LB◦(t), for a.e. t ∈ [0, RM].
The equality in Proposition 3.6 (ii) concludes the proof. 
Let ψ ∈ C∞([0, RB◦ ]) be an arbitrary real-valued function. Due to the properties
of AM given in Proposition 3.6, there exist functions φM ∈ C0,1([0, |M|]) and φB◦ ∈
C0,1([0, A◦])
1 satisfying
ψ|[0,RM] = φM ◦ AM and ψ = φB◦ ◦ AB◦ .(3.8)
Consider the test-functions
uM := ψ ◦ ρ∂M = φM ◦ AM ◦ ρ∂M,
uB◦ := ψ ◦ ρ∂B◦ = φB◦ ◦AB◦ ◦ ρ∂B◦ .
In the following proposition we show functional isoperimetric inequalities, which
are satisfied by the above test-functions.
1
C
0,1 denotes the class of Lipschitz continuous functions.
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Proposition 3.9. Let ψ ∈ C∞([0, RB◦ ]) be an arbitrary real-valued function and let the
functions uM and uB◦ be associated to ψ as above. Then uM ∈ H1(M), uB◦ ∈ H1(B◦)
and the following properties hold,
(i) ‖uM‖L2(M) ≤ ‖uB◦‖L2(B◦),
(ii) ‖∇uM‖L2(M;C2) ≤ ‖∇uB◦‖L2(B◦;C2),
(iii) ‖uM|∂M‖L2(∂M) = ‖uB◦ |∂B◦‖L2(∂B◦).
Proof. Lipschitz continuity of φM, φB◦ , ρ∂M, ρ∂B◦ and Proposition 3.6 (i) imply that
uM ∈ H1(M) and uB◦ ∈ H1(B◦). Employing the parallel coordinates together with
the co-area formula, see [S01, Eq. 30] for more details, we have
‖∇uM‖2L2(M;C2) =
∫ RM
0
|φ′M(AM(t))|2(A′M(t))3dt.
Using (3.8), and applying further Lemma 3.5, and Lemma 3.8, one obtains
(3.9)
‖∇uM‖2L2(M;C2) =
∫ RM
0
|ψ′(t)|2A′M(t)dt
≤
∫ RB◦
0
|ψ′(t)|2A′B◦(t)dt
=
∫ RB◦
0
|φ′
B◦(AB◦(t))|2(A′B◦(t))3dt = ‖∇uB◦‖2L2(B◦;C2).
Following the same steps we also get
(3.10)
‖uM‖2L2(M) =
∫ RM
0
|φM(AM(t))|2A′M(t)dt
=
∫ RM
0
|ψ(t)|2A′M(t)dt ≤
∫ RB◦
0
|ψ(t)|2A′B◦(t)dt
=
∫ RB◦
0
|φB◦(AB◦(t))|2A′B◦(t)dt = ‖uB◦‖2L2(B◦).
Let us focus on the traces of uM and uB◦ . It is easy to see that for any p ∈ ∂M and
any q ∈ ∂B◦ we have uM(p) = uB◦(q) = ψ(0). Hence, we obtain
‖uM|∂M‖2L2(∂M) = ‖uB◦ |∂B◦‖2L2(∂B◦) = L|ψ(0)|2. 
3.3. Proof of Theorem 2.1. The proof relies on the min-max principle and consists in
comparing the Rayleigh quotients of Hβ,M and Hβ,B◦ with the aid of Proposition 3.9.
For a geodesic disk B◦ of constant Gauss curvature K◦ the first Robin eigenvalue
λβ(B
◦) is simple and also strictly negative, provided that β < 0. Moreover, an asso-
ciated eigenfunction, denoted by uB◦ , is C∞-smooth, by standard elliptic regularity,
and radial with respect to the geodesic polar coordinates, with the pole being the cen-
ter of B◦; cf.Appendix A. Hence, there exists a real-valued ψ ∈ C∞([0, RB◦ ]) such
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that uB◦ = ψ ◦ ρ∂B◦ . In the following we use the notation uM := ψ ◦ ρ∂M. Proposi-
tion 3.9 implies hβ,M[uM] ≤ hβ,B◦ [uB◦ ] < 0 and ‖uM‖L2(M) ≤ ‖uB◦‖L2(B◦). Hence,
the min-max principle yields
λβ(M) ≤ hβ,M[uM]‖uM‖2L2(M)
≤ hβ,B◦ [uB◦ ]‖uB◦‖2L2(B◦)
= λβ(B
◦).
3.4. A counterexample based on weak-coupling. In this subsection we show that
the additional assumption |M|, |B| ≤ 2pi
K◦
when K◦ > 0 in Theorem 2.1 is necessary.
The idea is to find a counter-example on the sphere and to prove that, similarly to the
geometric isoperimetric inequality, the spectral isoperimetric inequality holds only
for domains contained in the hemisphere. To this aim we assume that M ⊂ S2. In
that case K◦ = 1 and N◦ = S2. Let M ⊂ S2 be such that |M| > 2π and |∂M| < 2π.
Assume also thatM is not a geodesic disk. Furthermore, let B◦ ⊂ S2 be the geodesic
disk with L := |∂B◦| = |∂M| and |B◦| ≤ 2π. Hence, we obviously have |M| > |B◦|.
Since |∂(S2 \M)| = |∂M| and |S2 \M| < 2π, Corollary 3.4 yields that |S2 \M| < |B◦|
and hence also |M| > |S2 \B◦|.
Before getting to the conclusion, let us recall some basic properties of the function
R− ∋ β 7→ λβ(M) that can be found e.g. in [BFK17]. The eigenvalue λβ(M) is simple
and analytic in the parameter β, and thus one can compute in the standard way its
first derivative at β = 0,
(3.11)
(
d
dβ
λβ(M)
) ∣∣∣∣
β=0
=
|∂M|
|M| ,
cf. [AFK13, Lem. 2.11] where the computation is made for β > 0 in the Euclidean
setting and can be easily adapted to β < 0 and lifted up to manifolds. Using the
formula (3.11) we get
lim
β→0−
λβ(M)− λβ(B◦)
|β| = L
(
1
|B◦| −
1
|M|
)
> 0,
lim
β→0−
λβ(M)− λβ(S2 \ B◦)
|β| = L
(
1
|S2 \ B◦| −
1
|M|
)
> 0.
Hence, for β < 0 with sufficiently small absolute value, the inequalities λβ(M) >
λβ(B
◦) and λβ(M) > λβ(S2 \B◦), opposite to the one in Theorem 2.1, hold.
3.5. An application to the Dirichlet-to-Neumann map. In this subsection, we prove
a counterpart of the inequality in Theorem 2.1 for the lowest eigenvalue of the Dirichlet-
to-Neumann map. For λ < 0, the Dirchlet-to-Neumann map, denoted by Dλ,M, is
defined in L2(∂M) by
Dλ,Mϕ = ∂νu|∂M,
domDλ,M :=
{
ϕ ∈ L2(∂M) : ∃u ∈ H1(M) such that −∆u = λuwith u = ϕ on ∂M
and ∂νu|∂M exists in L2(∂M)
}
,
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see e.g. [AM12]. Here again, the equation−∆u = λu and the Neumann trace ∂νu|∂M
should be understood in the weak sense. It has been proved in e.g. [AM12, Sec. 2]
that the operator Dλ,M is self-adjoint in L2(∂M), non-negative, and has a compact
resolvent. We denote by σλ(M) its lowest eigenvalue. This eigenvalue is sometimes
referred to as the lowest Steklov-type eigenvalue [FNT15]. Remark that σλ(M) > 0
when λ < 0while the first Steklov eigenvalue satisfies σ0(M) = 0, and the optimiza-
tion problem is trivial in that case.
The next lemma contains a relation between the spectra of the Robin Laplacian
and the Dirichlet-to-Neumann map and provides two of its consequences.
Lemma 3.10. [AM12, Thm. 3.1, Prop. 3] Let M be a smooth, compact, simply-connected
2-manifold with C2-smooth boundary. Then, the following properties hold:
(i) −σ ∈ Spec(Dλ,M) if and only if λ ∈ Spec(Hσ,M), for all σ < 0.
(ii) R− ∋ σ 7→ λσ(M) is strictly increasing.
(iii) R− ∋ λ 7→ σλ(M) is strictly decreasing.
The next result is a direct consequence of the previous lemma and gives the link
between λσ(M) and σλ(M).
Corollary 3.11. For any λ < 0 and σ < 0, there holds σλ(M) = −σ if and only if
λσ(M) = λ.
Proof. Assume that σλ(M) = −σ, then by Lemma 3.10 (i) we have λ ∈ Spec(Hσ,M)
and thus λσ(M) ≤ λ. Suppose for a moment that λ′ := λσ(M) < λ. Then, one has
−σ ∈ Spec(Dλ′,M) and hence σλ′(M) ≤ σλ(M). It contradicts the monotonicity of
λ 7→ σλ(M) stated in Lemma 3.10 (iii).
Assume now that λσ(M) = λ, then by Lemma 3.10 (i) we have −σ ∈ Spec(Dλ,M)
and thus σλ(M) ≤ −σ. Suppose for a moment that σ′ := −σλ(M) > σ. Then,
one has λ ∈ Spec(Hσ′,M) and λσ′(M) ≤ λσ(M). It contradicts the monotonicity of
σ 7→ λσ(M) stated in Lemma 3.10 (ii). 
The isoperimetric inequality for the Dirichlet-to-Neumann map on 2-manifolds is
as follows.
Proposition 3.12. Let M be a smooth, compact, simply-connected 2-manifold with C2-
smooth boundary and Gauss curvature bounded by above by a constant K◦ ≥ 0, and N◦
be the 2-manifold of constant curvature K◦. Let B◦ ⊂ N◦ be a geodesic disk. Assume that
|∂M| = |∂B◦|. IfK◦ > 0, assume additionally that |M|, |B◦| ≤ 2piK◦ . Then there holds
σλ(M) ≤ σλ(B◦), for all λ < 0.
Proof. Let λ < 0 be fixed and set σ := −σλ(B◦), σ′ := −σλ(M). Corollary 3.11 yields
λσ(B
◦) = λσ′(M) = λ. Applying Theorem 2.1, we get
λσ(M) ≤ λσ(B◦).
Hence, we conclude from Lemma 3.10 (ii) that σ ≤ σ′. 
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4. The Robin Laplacian on cones
4.1. Ground-state of Robin Laplacians on circular cones. In what follows we stick
to the notation introduced in Subsection 2.2. Recall that the cross-section m ⊂ S2
satisfies the assumptions (2.5) and that the associated cone Λm ⊂ R3 is defined in
(2.3). Upon having identified S2 and the product [0, 2π) × [−pi
2
, pi
2
], the domain Λm
can alternatively be characterized in the Cartesian coordinates x := (x1, x2, x3) ∈ R3
as
Λm =
{
(r cos θ cosϕ, r cos θ sinϕ, r sin θ) ∈ R3 : r ∈ R+, (ϕ, θ) ∈ m
}
.
The point xnp with the spherical coordinate (1, 0, pi2 ) is called the north pole of S
2.
By invariance of Λm under isotropic scaling one can show, using the change of
variables x 7→ βx in the form (2.4), that the operator Hβ,Λm is unitarily equivalent to
β2H−1,Λm for all β < 0. Hence, it suffices to work out the case β = −1 and in what
follows we introduce the shorthand notation
(4.1) HΛm := H−1,Λm , hΛm := h−1,Λm and λ(Λm) := λ−1(Λm).
Let b ⊂ S2 be a geodesic disk on S2 (i.e. spherical cap) such that L := |∂b| =
|∂m| < 2π and |b| < 2π. For the sake of definiteness we always assume that b is
centered at the north pole xnp ∈ S2. As shown in [LP08, Sec. 5], the first eigenpair
of HΛb can be computed explicitly. In order to keep the presentation self-contained,
let us recall the proof of this simple result. We first need some basic properties of the
one-dimensional self-adjoint Robin Laplacian defined in L2(R+) as
(4.2) Bβf = −f ′′, domBβ := {f ∈ H2(R+) : f ′(0) = βf(0)}, β ∈ R.
Lemma 4.1. [LP08, Ex. 2.4] Let the self-adjoint operator Bβ be as in (4.2) with β < 0.
Then
(i) Specess(Bβ) = [0,∞).
(ii) Bβ has a unique simple eigenvalue λ1(Bβ) := −β2 and, in particular,∫
R+
|f ′(t)|2dt+ β|f(0)|2 ≥ −β2
∫
R+
|f(t)|2dt, ∀ f ∈ H1(R+).(4.3)
The following proposition provides a characterisation for the ground-state of HΛb .
Proposition 4.2. Let b ⊂ S2 be a geodesic disk of perimeter L := |∂b| < 2π and centered at
the north pole xnp ∈ S2. Then, the first eigenvalue of HΛm is given by λ(Λb) = −
(
2π
L
)2
and
ub(x) := exp
(
−2πx3
L
)
(4.4)
is an associated eigenfunction.
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Proof. Denote by (r, θ, z) ∈ R+ × S1 × R the cylindrical coordinates in R3 and by
α ∈ (0, pi
2
) the geodesic radius of b. Then, one can write for any u ∈ H1(Λb),
hΛb [u] =
∫ ∞
0
∫ 2pi
0
[∫ ∞
r cotα
(
|∂ru|2 + |∂θu|
2
r2
+ |∂zu|2
)
dz − |u(r, θ, r cotα)|
2
sinα
]
rdθdr.
Using the one-dimensional inequality (4.3) we have∫ ∞
r cotα
|∂zu|2dz − |u(r, θ, r cotα)|
2
sinα
≥ − 1
sin2 α
∫ ∞
r cotα
|u|2dz,
and plugging it into the expression for hΛb [u] above, we get
hΛb [u] ≥ −
1
sin2 α
‖u‖2L2(Λb).
On the other hand, evaluating the form hΛb on theH
1-function
ub(r, θ, z) = exp
(
− z
sinα
)
,
we immediately obtain hΛb [ub] = − 1sin2 α‖u‖2L2(Λb). In order to conclude the proof it
remains to notice that sinα = L
2pi
. 
4.2. Proof of Theorem 2.2. In the followingwe denote by dσm, dσb the 2-dimensional
surface measures onm and b and by dλm, dλb the respective 1-dimensional measures
on their boundaries ∂m and ∂b. We make use of the function ρ∂m introduced in Sub-
section 3.2, which denotes the distance to the boundary ∂mwhileRm defined in (3.2)
is the in-radius of m.
Let x := (r, ϕ, θ) ∈ b be a point in the geodisic disk b written in spherical coor-
dinates. With our convention one has θ = pi
2
− Rb + ρ∂b(x). As the eigenfunction
ub defined in (4.4) does not depend on the ϕ-variable in spherical coordinates, there
exists, for any fixed r > 0, a function ψr ∈ C0,1([0, Rb]) satisfying
ub(r, x) = ψr(ρ∂b(x)), (r, x) ∈ R+ × b.
As a test function we use
um(r, x) := ψr(ρ∂m(x)), (r, x) ∈ R+ × m.
Applying the inequalities in Proposition 3.9 (i) and (ii), with M = m and B◦ = b,
slice-wise for each fixed r > 0, we get
(4.5)
‖∇um‖2L2(Λm;C3) =
∫ ∞
0
∫
m
|∇um|2r2dσmdr
=
∫ ∞
0
∫
m
(
|∂rum|2 + |∇S
2um|2
r2
)
r2dσmdr
≤
∫ ∞
0
∫
b
(
|∂rub|2 + |∇S
2ub|2
r2
)
r2dσbdr = ‖∇ub‖2L2(Λb;C3),
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where∇ is the gradient on R3 and∇S2 is the gradient on S2. Applying the inequality
in Proposition 3.9 (i) in the same manner we get
(4.6)
‖um‖2L2(Λm) =
∫ ∞
0
∫
m
|um|2r2dσmdr
≤
∫ ∞
0
∫
b
|ub|2r2dσbdr = ‖ub‖2L2(Λb).
Employing Proposition 3.9 (iii) we find
(4.7)
‖um|∂Λm‖2L2(∂Λm) =
∫ ∞
0
∫
∂m
|um|Λm |2r dλmdr
=
∫ ∞
0
∫
∂b
|ub|Λb |2r dλbdr = ‖ub|∂Λb‖2L2(∂Λb).
Note that the inequality (4.5) and the equality (4.7) yield
hΛm [um] ≤ hΛb [ub] < 0.(4.8)
Using the variational characterization of λ(Λm) in (2.6) and the inequalities (4.6), (4.8)
one obtains
λ(Λm) ≤ hΛm [um]‖um‖2L2(Λm)
≤ hΛb [ub]‖ub‖2L2(Λb)
= λ(Λb).
Appendix A. Ground-state of a geodesic disk of constant
curvature
Let B◦ be a geodesic disk of constant curvature K◦ ∈ [0,∞). The geodesic polar
coordinates with the pole at the center of B◦ are the analogue of the usual Euclidean
polar coordinates when K◦ > 0. Let p ∈ B◦ be written as (r, θ) in the geodesic
polar coordinates. The coordinate r measures the length of the unique geodesic γ
connecting the center ofB◦ and pwhile θ corresponds to the unique geodesic passing
through p and orthogonal to γ, see [Str88, Sec. 4-3] for a rigorous definition. The next
lemma summarizes some properties of the geodesic polar coordinates.
Lemma A.1. [Str88, Section 4-3] On a 2-manifold with constant curvature K◦ ≥ 0, the
metric gpol takes the form
gpol = dr
2 + h(r)dθ2,
where the function h has the form
(i) h(r) := r2, ifK◦ = 0,
(ii) h(r) := sin
2(
√
K◦r)
K◦
, ifK◦ > 0.
We are now able to show that the first Robin eigenvalue on a geodesic disk of
constant curvature is simple and that the corresponding eigenfunction is radially
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symmetric. Let ρ > 0 and B◦ρ be a geodesic disk of constant curvatureK◦ and radius
ρ. We introduce the following L2-space on B◦ρ,
L2pol(B
◦
ρ) := L
2
(
(0, ρ) × [0, 2π);h 12 (r)drdθ),
and also the associated first-order Sobolev space
H1pol(B
◦
ρ) :=
{
v ∈ L2pol(B◦ρ) : |∇polv| ∈ L2pol(B◦ρ)
}
,
where ∇pol stands for the gradient in the geodesic polar coordinates. By change of
variables, one can write the Robin form on B◦ρ in geodesic polar coordinates as
h
pol
β,B◦ρ
[v] :=
∫ 2pi
0
∫ ρ
0
(
|∂rv|2 + |∂θv|
2
h(r)
)
h
1
2 (r)drdθ + βh
1
2 (ρ)
∫ 2pi
0
|v(ρ, θ)|2dθ,
with dom hpolβ,B◦ρ = H
1
pol(B
◦
ρ). Let us define the following complete family of orthogo-
nal projections in the Hilbert space L2pol(B
◦
ρ) via
(Πmv)(r, θ) :=
eimθ√
2π
∫ 2pi
0
v(r, φ)e−imφdφ, m ∈ Z.
Upon an obvious identification, this family induces the orthogonal decomposition of
the Hilbert space L2pol(B
◦
ρ),
L2pol(B
◦
ρ) ≃
⊕
m∈Z
L2((0, ρ);h
1
2 (r)dr),
and the respective decomposition of the operator Hβ,B◦ρ ,
Hβ,B◦ρ ≃
⊕
m∈Z
H
[m]
β,B◦ρ
,
where the operator H[m]β,B◦ρ ,m ∈ Z, represents the quadratic form
h
[m]
β,B◦ρ
[ψ] :=
∫ ρ
0
(
|ψ′(r)|2 + m
2|ψ(r)|2
h(r)
)
h
1
2 (r)dr + βh
1
2 (ρ)||ψ(ρ)|2,
dom h
[m]
β,B◦ρ
:=
{
ψ : ψ,ψ′,mψh−
1
2 ∈ L2((0, ρ);h 12 (r)dr)
}
.
It is clear that h[0]β,B◦ρ is the smallest among the above forms in the sense of the or-
dering. Moreover, one can prove by standard arguments that the ground-state of
H
[0]
β,B◦ρ
is simple. Furthermore, we obtain from the min-max principle that the lowest
eigenvalue H[0]β,B◦ρ is strictly less than that of H
[m]
β,B◦ρ
for anym 6= 0. We conclude that
the ground-state of Hβ,B◦ρ corresponds to the ground-state of the self-adjoint fiber
operator H[0]β,B◦ρ and thus is simple and radially symmetric.
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